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E-mail address: ohno@mech.nagoya-u.ac.jp (N. OhConstitutive modeling is studied for the homogenized elastic–viscoplastic behavior of pore-pressurized
anisotropic open-porous bodies made of metallic base solids at small strains and rotations. For this pur-
pose, by describing micro–macro relations relevant to periodic unit cells of anisotropic open-porous
bodies subjected to pore pressure, constitutive features are discussed for the viscoplastic macrostrain rate
in steady states. On the basis of the constitutive features found, the viscoplastic macrostrain rate is
represented as an anisotropic function of Terzaghi’s effective stress, which is shown using Hill’s
macrohomogeneity condition. The resulting viscoplastic equation is used to simulate the homogenized
elastic–viscoplastic behavior of an ultraﬁne plate-ﬁn structure subjected to uniaxial/biaxial loading in
addition to pore pressure. The corresponding ﬁnite element homogenization analysis is also performed
for comparison. It is demonstrated that the developed viscoplastic equation simulates well the aniso-
tropic effect of pore pressure in the viscoplastic range in spite of there being no anisotropic factor and
no ﬁtting parameter in Terzaghi’s effective stress itself.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Ultraﬁne plate-ﬁn cores have been fabricated for compact heat
exchangers under development for high-temperature gas-cooled
reactors (Kawashima et al., 2007). The fabricated cores have an
anisotropic open-cellular structure consisting of alternately
stacked plates and ﬁns, which have considerably small thicknesses
of 0.5 and 0.2 mm, respectively. This cellular structure is designed
to be subjected to fairly high pore pressures in addition to thermal
stresses. Perforated thick plates in fast reactor heat exchangers are
also subjected to fairly high pore pressures in addition to thermal
stresses (Ando et al., 2008). The plate-ﬁn cores and perforated
plates mentioned above can be regarded as macrobodies that have
anisotropic open-porous microstructures in which pore pressure
uniformly acts independently of thermal stress at small strains
and rotations.
Full-scale ﬁnite element meshing of the plate-ﬁn cores and per-
forated thick plates necessarily results in considerably high com-
putational costs because of the large number of plate-ﬁn layers
and circular cylindrical holes. For example, more than 1000 layers
of plates and ﬁns need to be stacked for the compact heat exchan-ll rights reserved.
ical Science and Engineering,
pan. Tel.: +81 52 789 4475;
no).ger cores (Kawashima et al., 2007). If a homogenized or macro-
scopic constitutive model is available, the high computational
costs due to full-scale ﬁnite-element meshing can be drastically re-
duced. For this reason, Tsuda et al. (2010) developed a macroscopic
elastic–viscoplastic constitutive model using quadratic equivalent
stress that was employed for the homogenized, anisotropic rate-
independent plastic behavior of cellular/lattice structures (Badiche
et al., 2000; Deshpande et al., 2001; Xue and Hutchinson, 2004).1,2
The macroscopic constitutive model developed has been shown to
be suitable for plate-ﬁn structures and perforated thick plates in
the absence of pore pressure (Tsuda et al., 2010; Tsuda and Ohno,
2011; Ikenoya et al., in press). It is worthwhile to include the effect
of pore pressure in this constitutive model.
The effect of pore pressure can be signiﬁcant in the homoge-
nized behavior of porous solids and voided solids (e.g., Dormieux
et al., 2002, 2006; Vincent et al., 2009a,b; Coussy, 2010; Julien
et al., 2011). Terzaghi’s effective stress (Terzaghi, 1943) is well
known in the mechanics of porous solids with pore pressure (Dor-
mieux et al., 2006; Coussy, 2010). Although this effective stress
was intuitively introduced, one can show the following (Coussy,
2010). If macrostress acts on a porous solid consisting of a1 A general form of quadratic anisotropic yield functions was proposed by von
Mises (1928).
2 Alkhader and Vural (2009, 2010) proposed an anisotropic yield criterion based on
total elastic strain energy density for two-dimensional lattice structures.
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the excess of macrostress over the pore pressure, called Terzaghi’s
effective stress, becomes conjugate to the macrostrain rate for the
mechanical work done in the solid phase.
The work-conjugate pair mentioned above implies that the ef-
fect of pore pressure on the viscoplastic macrostrain rate of porous
solids/bodies appears through Terzaghi’s effective stress if the
viscoplastic deformation of base solids is volume-incompressible.
However, Terzaghi’s effective stress itself has no anisotropic factor
no matter how anisotropic the microstructure of porous solids/
bodies is. It is expected that the effect of pore pressure is more
or less anisotropic if the microstructure is anisotropic. It is there-
fore worth investigating how the anisotropic effect of pore pres-
sure on the homogenized viscoplastic behavior of anisotropic
porous solids/bodies is represented in constitutive modeling.
In this paper, constitutive modeling is studied for the homog-
enized elastic–viscoplastic behavior of pore-pressurized aniso-
tropic open-porous bodies made of metallic base solids at small
strains and rotations. To this end, micro–macro relations are de-
scribed to introduce macroscopic variables, including Terzaghi’s
effective stress, pertinent to periodic unit cells of pore-pressur-
ized anisotropic open-porous bodies. Constitutive features are
then discussed for the viscoplastic macrostrain rate in steady
states. The constitutive features found are considered for extend-
ing the anisotropic viscoplastic constitutive equation developed
by Tsuda et al. (2010). The viscoplastic macrostrain rate is thus
represented as an anisotropic function of Terzaghi’s effective
stress. The resulting viscoplastic equation is used to simulate
the homogenized elastic–viscoplastic behavior of a pore-pressur-
ized ultraﬁne plate-ﬁn structure subjected to uniaxial/biaxial
loading. Finite element homogenization analysis of the ultraﬁne
plate-ﬁn structure is also performed for comparison. It is demon-
strated that the developed viscoplastic equation simulates well
the anisotropic effect of pore pressure in the viscoplastic range,
although Terzaghi’s effective stress itself has no anisotropic factor
and no ﬁtting parameter.
Throughout this paper, direct notations are used for vectors and
tensors, and inner products between them are indicated by dots
(e.g., u  v ¼ uiv i;D : e ¼ Dijklekl). In addition, the second-rank and
fourth-rank unit tensors are denoted by I and I, respectively.2. Microscopic material properties
Let us consider a macrobody element that has an anisotropic
open-porous microstructure undergoing small deformation. We
assume that the microstructure is periodic. The macrobody ele-
ment then has a periodic unit cell Y, which consists of a base solid
region Vs and a pore region Vx, as schematically illustrated in Fig. 1.
This porous body can be considered as a two-phase composite. It is
noted that oY is partitioned into oYs and oYx, where oYs and oYx
indicate the solid and pore parts of oY . It is also noted that oV sFig. 1. Periodic unit cell Y consisting of a base solid region Vs and a pconsists of oYs and oV sx, where oV sx denotes the interfacial bound-
ary between Vs and Vx (Fig. 1(b)).
We suppose that pore pressure uniformly acts in Vx, and the
medium in Vx has neither rigidity nor viscosity. Let p be the pore
pressure in Vx:
r ¼ pI in Vx; ð1Þ
where r denotes microstress in V.
For the region Vs, considering metallic base solids at small
strains and rotations, we assume that microstrain e is additively
decomposed into elastic and viscoplastic parts:
e ¼ ee þ evp in V s: ð2Þ
We further assume that the elastic part ee and the viscoplastic part
evp obey the simple constitutive relations expressed as
ee ¼ 1þ mE r
m
E
ðtr rÞI; ð3Þ
_evp ¼ 32 _e0
req
r0
 n1 rd
r0
; ð4Þ
where E and m are elastic constants, tr denotes the trace, the super-
posed dot indicates differentiation with respect to time t, _e0, r0 and
n are the material parameters of viscoplasticity, rd denotes the
deviatoric part of r, and req expresses the von Mises equivalent
stress deﬁned as
req ¼ 32rd : rd
 1=2
: ð5Þ
Eq. (4) is appropriate for metallic solids at high temperatures.
3. Micro–macro relations
This section describes micro–macro relations to deﬁne macro-
stress and macrostrain for the periodic unit cell Y illustrated in Sec-
tion 2. Terzaghi’s effective stress is also described using Hill’s
macrohomogeneity condition (Hill, 1967), which is a micro–macro
equation concerned with mechanical work in composites.
3.1. Macrostress and macrostrain
The macrostress R of Y is conventionally deﬁned to be the vol-
ume average of microstress r in Y:
R ¼ 1jY j
Z
Y
rdV ; ð6Þ
where |Y| indicates the volume of Y.
For the macrostrain E, however, it is necessary to note that dis-
placement is arbitrary and can be discontinuous in Vx because
there is neither rigidity nor viscosity in Vx. Hence, E cannot be
the volume average of microstrain e in Y (Suquet, 1987; Michel
et al., 1999). To represent E in terms of the displacement ﬁeldore region Vx: (a) bird’s-eye view and (b) cross-sectional view.
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solids (Suquet, 1987; Wu and Ohno, 1999):
u ¼ H  xþ ~u; e ¼ Eþ ~e in V s ð7Þ
E ¼ 1
2
HþHT
 
; ~e ¼ 1
2
o~u
ox
þ o~u
ox
 T" #
: ð8Þ
Here H denotes the macroscopic displacement gradient, x is the po-
sition of a point, the superscript T indicates the transpose, and ~u de-
notes the perturbed part of u that satisﬁes the Y-periodic boundary
condition:
~u xðþÞ
  ¼ ~u xðÞ  ð9Þ
where xðþÞ and xðÞ are a pair of points on the opposite boundary
planes of Y (Fig. 1(b)).
Integrating u  n on oYs, using Eqs. (7)1 and (9), and noting that
n(x(+)) = n(x()), we deriveZ
oYs
u ndS ¼ H  G; ð10Þ
where n denotes the outward unit normal to oY, and
G ¼
Z
oYs
x ndS: ð11Þ
Eqs. (8)1 and (10) then provide the following relation, in which E is
expressed in terms of the displacement ﬁeld u(x) on oYs:
E ¼ 1
2
Z
oYs
u ndS  G1 þ GT 
Z
oYs
n udS
 
: ð12Þ
If Vx has no intersection with oY (i.e., oYs = oY), the divergence
theorem allows Eq. (11) to become G = |Y|I; consequently, Eq.
(12) reduces to a conventional deﬁnition of E:
E ¼ 1
2jY j
Z
oY
u nþ n uð ÞdS: ð13Þ
If u is differentiable with respect to x everywhere in Y, Eq. (13) fur-
ther reduces to
E ¼ 1jYj
Z
Y
edV : ð14Þ3.2. Terzaghi’s effective stress
As a consequence of Hill’s macrohomogeneity condition (Hill,
1967), one can state that the macroscopic work rate due to R
and _E is equal to the volume average of microscopic work rate in
Y. Here it is necessary to note that the microscopic work in Vx is
done by the pore pressure p and the volume change in Vx. Thus,
Hill’s macrohomogeneity condition provides
R : _E ¼ 1jY j
Z
Vs
r : _edV  p d
dt
jY j  jV sjð Þ
 	
; ð15Þ
where the volume of Vx is taken to be equal to |Y|  |Vs|. Here, |Vs|
denotes the volume of Vs, and
d
dt
jYj  jV sjð Þ ¼ tr _EjYj 
Z
Vs
tr _edV : ð16Þ
Substituting Eq. (16) into Eq. (15) leads to introducing Terzaghi’s
effective stress R + pI as
ðRþ pIÞ : _E ¼ 1jYj
Z
Vs
ðrþ pIÞ : _edV : ð17Þ
The above micro–macro relation is proved similarly to that given for
periodic composites by Suquet (1987), as described in the Appendix
A.Now we assume that the deformation in Vs is volume-incom-
pressible; i.e., _e ¼ _ed in Vs, where _ed is the deviatoric part of _e. Eq.
(17) then reduces to
ðRþ pIÞ : _E ¼ 1jYj
Z
Vs
rd : _eddV : ð18Þ
Hence, Terzaghi’s effective stress R + pI and the macrostrain rate _E
are a work-conjugate pair for the volume-incompressible deforma-
tion in Vs. Coussy (2010) described this work-conjugate pair by tak-
ing account of a solid–ﬂuid interaction due to pore pressure;
however, he did not present such a proof as given in the Appendix
A, though Hill’s macrohomogeneity condition requires a proof (Hill,
1967; Suquet, 1987).
4. Constitutive features for the viscoplastic macrostrain rate
In this section, using the micro–macro relations described in
Section 3, constitutive features are discussed for the viscoplastic
macrostrain rate of pore-pressurized anisotropic open-porous
bodies. For this purpose, we consider a steady state in which
_r ¼ 0 everywhere in Y and consequently _R ¼ 0. Then, since
_ee ¼ 0 and _e ¼ _evp owing to _r ¼ 0 everywhere in Vs, the macro-
strain rate _E is regarded as completely viscoplastic; i.e., _E ¼ _Evp.
This is convenient for discussing constitutive features of the visco-
plastic macrostrain rate. Let the steady state have the microscopic
ﬁelds, macrostress, and macrostrain rate expressed as
r ¼ rðxÞ; _e ¼ _eðxÞ; _u ¼ _uðxÞ in V s; ð19aÞ
r ¼ pI in Vx; ð19bÞ
R ¼ R; _E ¼ _E; ð19cÞ
where the superscript ⁄ indicates the steady state.
Eq. (17) suggests superposing p⁄I uniformly on the above stress
state:
r ¼ rðxÞ þ pI in V s; r ¼ 0 in Vx; R ¼ R þ pI: ð20Þ
Since rðxÞ þ pI has the same deviatoric part as r⁄(x), the uniform
superposition of p⁄I does not affect _eðxÞ; _uðxÞ and _E in the steady
state if _evp is insensitive to hydrostatic pressure. Here it is noted that
_eðxÞ ¼ _evpðxÞ in Vs, and that _E depends only on the velocity ﬁeld
_uðxÞ in Vs, as seen from Eq. (12). Therefore, one can conclude that
the effect of pI on _E ð¼ _EvpÞ appears through Terzaghi’s effective
stress R þ pI if _evp does not depend on hydrostatic pressure.
Applying Eq. (18) to the steady state expressed as Eqs. (19a)–
(19c), noting that _edðxÞ ¼ _evpðxÞ in Vs, and bearing in mind that _E
is regarded as completely viscoplastic (i.e., _E ¼ _Evp), we obtain
R þ pIð Þ : _Evp ¼
1
jYj
Z
Vs
rd : _e

vpdV : ð21Þ
Substituting Eq. (4) into Eq. (21) gives
R þ pIð Þ : _Evp ¼
1
jYj
Z
Vs
_wvpdV ; _w

vp ¼ r0 _e0
req
r0
 nþ1
; ð22Þ
where _wvp denotes the viscoplastic work rate in Vs. Since _w

vp P 0,
we have
R þ pIð Þ : _Evp P 0: ð23Þ
Let us consider another steady state that has
r ¼ crðxÞ in V s; r ¼ cpI in Vx; R ¼ cR; ð24Þ
where c is an arbitrary constant. Then, since _wvp is multiplied by
cn+1, Eq. (22) is satisﬁed irrespective of the value of c if _Evp is
replaced by cn _Evp. This means that _E

vp becomes c
n _Evp if Terzaghi’s
effective stress R þ pI is multiplied by c.
Fig. 2. Plate-ﬁn structure subjected to pore pressure p.
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Tsuda et al. (2010) developed a macroscopic constitutive model
for the homogenized elastic–viscoplastic behavior of anisotropic
porous bodies at small strains and rotations in the absence of pore
pressure, as stated in Section 1. In the present section, their consti-
tutive model is extended on the basis of the constitutive features
found in Section 4.
We assume that the macrostrain E of Y is additively decom-
posed into elastic and viscoplastic parts:
E ¼ Ee þ Evp: ð25Þ
We further assume that the elastic part Ee is related with the mac-
rostressR by the Hooke–Biot law (Biot,1941; Dormieux et al. 2006):
R ¼ DeH : Ee  pB; ð26Þ
where DeH is the fourth-rank tensor standing for the homogenized
elastic stiffness of Y, and B is the second-rank tensor called Biot’s
coefﬁcient. Dormieux et al. (2002, 2006) and Vincent et al.
(2009a) showed that B is analytically expressed as
B ¼ IDeH : D1es
 
: I; ð27Þ
where Des indicates the elastic stiffness of base solids.
To develop a constitutive relation for _Evp, let us remember that
the effect of pore pressure p on _Evp appears through Terzaghi’s
effective stress Rþ pI in steady states (Section 4). Taking this into
account, we consider the following type of quadratic anisotropic
equivalent stress, which was originally proposed by von Mises
(1928) and has been used for the rate-independent anisotropic
plasticity of cellular solids by Badiche et al. (2000), Deshpande
et al. (2001), and Xue and Hutchinson (2004):
Req ¼ 32 Rþ pIð Þ : M : Rþ pIð Þ
 	1=2
; ð28Þ
whereM is a positive-deﬁnite symmetric fourth-rank tensor. Then,
assuming the normality of _Evp to a viscoplastic potential f ¼ R2eq
leads to
_Evp ¼ k ofoR ¼ 3kM : Rþ pIð Þ; ð29Þ
where k is a scalar function of Rþ pI, and
of
oR
¼ of
oðRþ pIÞ : ð30Þ
To specify the scalar function k, we note that, in steady states,
_Evp becomes cn _Evp if Terzaghi’s effective stress Rþ pI is multiplied
by an arbitrary constant c (Section 4). This constitutive feature is
satisﬁed if _Evp expressed by Eq. (29) has the same stress exponent
n as that in Eq. (4). Eq. (29) can thus have the following form, which
is an extension of that derived by Tsuda et al. (2010):
_Evp ¼ _E0 ReqR0
 n1
M : ðRþ pIÞ
R0
; ð31Þ
where _E0 and R0 are a reference macrostrain rate and a reference
macrostress. In Eq. (31), _E0 and R0 can be arbitrarily chosen without
loss of generality, because M has an arbitrary proportional coefﬁ-
cient. Needless to say, Eqs. (31) and (28) must reduce to Eqs. (4)
and (5), respectively, in the absence of the pore region Vx. It is seen
that Eq. (28) becomes identical to Eq. (5) if M ¼ Id, where Id is the
deviatoric operator deﬁned as Id ¼ I ð1=3ÞI I. Therefore, Eq.
(31) with M replaced by Id must reduce to Eq. (4). Eq. (31) thus
becomes
_Evp ¼ 32 _e0
Req
r0
 n1
M : ðRþ pIÞ
r0
; ð32Þwhere _e0, r0 and n are the same material parameters as those in Eq.
(4).
Condition (23) is always satisﬁed because the mechanical work
rate due to Rþ pI and _Evp is shown to be nonnegative using Eqs.
(32) and (28):
ðRþ pIÞ : _Evp ¼ r0 _e0 Reqr0
 nþ1
P 0: ð33Þ
As seen from Eq. (32), _Evp vanishes if R ¼ pI. This feature was
discussed to brieﬂy show Eq. (32) in a preliminary short paper (Ike-
noya and Ohno, 2011), which did not describe at all the theoretical
considerations given in Sections 3 and 4.6. Plate-ﬁn simulation and analysis
The macroscopic viscoplastic constitutive relation (32) includes
the effect of pore pressure p acting through Terzaghi’s effective
stress Rþ pI, which has no anisotropic factor and no ﬁtting param-
eter. As a result, the anisotropic effect of p on _Evp appears only
through the fourth-rank anisotropic tensorM in Eq. (32). To verify
this consequence, the macroscopic constitutive model developed
in Section 5 is examined by simulating the homogenized elastic–
viscoplastic behavior of a pore-pressurized ultraﬁne plate-ﬁn
structure subjected to uniaxial/biaxial loading (Fig. 2). For compar-
ison, the homogenized behavior is also analyzed by performing a
detailed ﬁnite element analysis.
The macroscopic constitutive model developed has no ﬁtting
parameter to simulate the effect of pore pressure p, as stated
above. Therefore, all material parameters including DeH and M in
the constitutive model are ﬁrst determined in the absence of p,
and then the constitutive model is predictively validated in the
presence of p.
6.1. Periodic unit cell
Fig. 3 illustrates the plate-ﬁn unit cell Y considered in this study.
The base solid is Hastelloy X at 900 C, which has the material
parameters listed in Table 1. The unit cell Y is subjected to pore
pressure of p = 5 MPa (Kawashima et al., 2007). Tsuda et al.
(2010) computationally analyzed the homogenized elastic–
viscoplastic behavior of this unit cell in the absence of p using a
fully implicit homogenization method (Asada and Ohno, 2007).
They thus obtained the components of DeH andM given in Table 2,
where DeH and M are expressed as 6  6 matrices using Voigt’s
notation. Here it is noted that Tsuda et al. (2010) used Eq. (28) with
3/2 replaced by 1/2 to deﬁneReq in the case of p = 0; as a result, the
components of M in Table 2 differ by a factor of 3 from those
reported by Tsuda et al. (2010). Hereafter, Cartesian coordinates
x, y and z are set for Y, as shown in Fig. 3.
Buckling of plates and ﬁns is not considered in accordance
with the assumption of small deformation in this paper, though
Fig. 3. Plate-ﬁn unit cell Y divided into ﬁnite elements.
Table 1
Material parameters of Hastelloy X at 900 C.
Young’s modulus E (GPa) 131.4
Poisson’s ratio m 0.30
Reference strain rate _e0ðs1Þ 0.001
Reference stress r0ðMPaÞ 201.1
Stress exponent n 5.622
Table 2
Components of DeH and M for a plate-ﬁn unit cell (Tsuda et al., 2010); 6  6 matrices
based on Voigt’s notation with component order of xx, yy, zz, xy, yz and zx.
DeH ¼ E
0:480 0:088 0:170 0 0 0
0:088 0:159 0:074 0 0 0
0:170 0:074 0:606 0 0 0
0 0 0 0:036 0 0
0 0 0 0 0:079 0
0 0 0 0 0 0:178
2
6666664
3
7777775
M ¼
2:81 1:82 0:97 0 0 0
1:82 13:23 0:97 0 0 0
0:97 0:97 1:94 0 0 0
0 0 0 78:05 0 0
0 0 0 0 44:28 0
0 0 0 0 0 7:08
2
6666664
3
7777775
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pression at large strains (e.g., Papka and Kyriakides, 1994; Gibson
and Ashby, 1999; Ohno et al., 2002; Okumura et al., 2004).
6.2. Methods of simulation and analysis
The homogenized elastic–viscoplastic behavior of the plate-ﬁn
unit cell Y is simulated using the macroscopic constitutive model
described in Section 5. For this purpose, the constitutive model
has been implemented in a ﬁnite element code Abaqus with a user
subroutine UMAT by taking into account pore pressure p in the im-
plicit stress integration algorithm and the consistent tangent mod-
ulus derived by Tsuda et al. (2010). As a result, the homogenized
elastic–viscoplastic behavior of Y under any macroscopic loading
history is simulated by subjecting one cubic ﬁnite element to this
loading history using Abaqus.
To perform a ﬁnite element homogenization analysis, the base
solid region Vs in the periodic unit cell Y is divided into 20-node
quadratic brick, reduced integration ﬁnite elements (Fig. 3). To
compute the components of macrostress easily, thin ﬂexible ﬁlms
are ﬁctitiously placed at the lateral boundary of Vx (Fig. 4). The thin
ﬂexible ﬁlms are modeled using elastic shell elements with a verysmall thickness of 0.01 mm and an extremely low Young’s modulus
of 1.0 MPa. The pore region Vx inside the ﬁctitious thin ﬁlms does
not need any constitutive model, and is not divided into ﬁnite ele-
ments. This is because Vx is assumed to have only pore pressure p
because of neither rigidity nor viscosity in Vx (Section 2). The inner
surfaces of ﬁctitious thin ﬁlms and the interfacial boundary sur-
faces of Vs are then subjected to p, as shown in Fig. 4(a). The ﬁnite
element homogenization analysis is performed using Abaqus: the
following periodic boundary condition, which is derived from
Eqs. (7)1 and (9) (Feyel and Chaboche, 2000; Xia et al., 2003), is im-
posed using the Equation command available in Abaqus:
u xðþÞ
  u xðÞ  ¼ H  xðþÞ  xðÞ  on oYs; ð34Þ
where xðþÞ and xðÞ indicate a pair of points on the opposite bound-
ary planes of Y (Fig. 4(a)). The above periodic boundary condition is
applied to the ﬁctitious thin ﬁlms as well as to the solid part oYs of
oY. The ﬁctitious thin ﬁlms then allow the components of macro-
stress to be easily computed from the resultant forces acting on
the rectangular boundary planes of Y.
6.3. Comparison of simulation and analysis results
Figs. 5 and 6 show the effects of pore pressure p on the macro-
stress versus macrostrain relations under uniaxial loading at a
macrostrain rate of 104 s1. The periodic unit cell Y is subjected
to pore pressurization before uniaxial loading when p = 5 MPa.
The pore pressurization is performed almost instantaneously un-
der the condition of free macrostress, resulting in a macrostrain
E(p) before uniaxial loading. The variation in macrostrain E from
E(p) (i.e., E  E(p)) is used for the abscissa axes in Figs. 5 and 6.
The macrostrain E(p) is almost equal to the macrostrain evaluated
from Eq. (26) with R = 0:
EðpÞ ¼ pD1eH : B: ð35Þ
It is observed from Fig. 5 that the effect of p = 5 MPa on the
homogenized behavior is considerably anisotropic: the pore pres-
sure noticeably affects the homogenized behavior under uniaxial
tensile loading in the y-direction (Fig. 5(b)), whereas the effect is
negligible with respect to the x-direction (Fig. 5(a)). Tension–
compression asymmetry is also noticeable in the homogenized
behavior under uniaxial loading in the y-direction (Fig. 6(b)),
whereas the asymmetry in the x-direction is very small (Fig. 6(a)).
Here it is emphasized that the macroscopic constitutive model
developed in Section 5 simulates very well the above-mentioned
anisotropic/asymmetric effects of p that have been revealed in the
present ﬁnite element homogenization analysis (Figs. 5 and 6).
Fig. 7 illustrates the steady-state macrostress surfaces attained
under the following biaxial loading condition in the presence of
p = 0 and p = 5 MPa:
_Exx ¼ _Ec cos h; _Eyy ¼ _Ec sin h; Rxy ¼ 0; ð36Þ
where _Ec and h are loading parameters, and Rzz = Rzx = Rzy = 0. As
seen from the ﬁgure, the steady-state macrostress surfaces at
_Ec ¼ 104 and 105 s1 are almost equally translated by the pore
pressure of p = 5 MPa, and the translation occurs mainly along the
Ryy-axis. These effects of p are simulated well by the macroscopic
constitutive model described in Section 5.
Fig. 8 compares the macrostress trajectories provided by the
homogenization analysis and the macroscopic constitutive model
under the biaxial loading condition (36) combined with
p = 5 MPa. It is observed from the ﬁgure that the macroscopic con-
stitutive model is able to reproduce the macrostress trajectories
predicted by the homogenization analysis. However, when h = 0,
p/4 and 5p/4, there are some deviations as macrostress approaches
the steady-state surfaces. This is because the steady-state surfaces
Fig. 4. Plate-ﬁn unit cell Ywith pore region covered by ﬁctitious thin ﬁlms: (a) two-dimensional illustration and (b) three-dimensional unit cell Y divided into ﬁnite elements;
the pore region inside the ﬁctitious thin ﬁlms is not divided into ﬁnite elements, while the ﬁctitious thin ﬁlms and the solid region are divided into shell elements and brick
elements, respectively.
Fig. 5. Effect of pore pressure p on uniaxial tensile behavior of plate-ﬁn unit cell Y: (a) _Exx ¼ 104 s1, Ryy = Rzz = 0, and (b) _Eyy ¼ 104 s1, Rxx = Rzz = 0.
Fig. 6. Tension–compression asymmetry due to pore pressure p acting in plate-ﬁn unit cell Y: (a) j _Exxj ¼ 104 s1, Ryy = Rzz = 0, and (b) j _Eyyj ¼ 104 s1, Rxx = Rzz = 0.
Fig. 7. Steady-state macrostress surface of plate-ﬁn unit cell Y under biaxial loading: (a) p = 0 and (b) p = 5 MPa.
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and 5p/4, while those simulated by the macroscopic constitutive
model are elliptic as a consequence of the quadratic equivalentstress represented as Eq. (28). Nevertheless, the homogenization
analysis and the macroscopic constitutive model have less than
10% difference with respect to the magnitude of macrostress.
Fig. 8. Macrostress trajectory of plate-ﬁn unit cell Y under biaxial loading combined with p = 5 MPa: (a) _Ec ¼ 104 s1 and (b) _Ec ¼ 105 s1.
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vealed in the homogenization analysis are simulated well using
the macroscopic constitutive model developed in Section 5. Here
it is restated that this constitutive model represents the anisotropic
effects of p on _Evp only through the fourth-rank anisotropic tensor
M in Eq. (32) because Terzaghi’s effective stress R + pI has no
anisotropic factor. It is also restated that the constitutive model
has no ﬁtting material parameter to simulate the effects of p.
Hence, we can say that the macroscopic constitutive model has
been predictively veriﬁed with respect to the anisotropic effects
of p found in the ﬁnite element homogenization analysis presented
in this section.
7. Concluding remarks
In this paper, constitutive modeling was studied for the homog-
enized elastic–viscoplastic behavior of pore-pressurized aniso-
tropic open-porous bodies made of metallic materials at small
strains and rotations. For this purpose, micro–macro relations rel-
evant to periodic unit cells of anisotropic open-porous bodies sub-
jected to pore pressure were described: macrostrain was newly
represented in terms of base solid displacements, and Terzaghi’s
effective stress was simply introduced using Hill’s macrohomoge-
neity condition. Constitutive features were then discussed for the
viscoplastic macrostrain rate in steady states. It was thus plainly
shown that the viscoplastic macrostrain rate depends on the pore
pressure acting through Terzaghi’s effective stress if the viscoplas-
tic strain rate of base solids is insensitive to hydrostatic pressure.
The viscoplastic macrostrain rate was then represented as an
anisotropic function of Terzaghi’s effective stress, resulting in the
macroscopic viscoplastic constitutive relation (32).
It was found that the anisotropic effect of pore pressure on the
viscoplastic macrostrain rate appears only through a fourth-rank
anisotropic tensor M in the macroscopic viscoplastic constitutive
relation (32) because Terzaghi’s effective stress itself has no aniso-
tropic factor and no ﬁtting parameter. To verify this consequence,
Eq. (32) was examined by simulating the homogenized elastic–
viscoplastic behavior of a pore-pressurized ultraﬁne plate-ﬁn
structure subjected to uniaxial/biaxial loading. For comparison, ﬁ-
nite element homogenization analysis of a periodic unit cell of the
ultraﬁne plate-ﬁn structure was also performed. It was thus dem-
onstrated that Eq. (32) simulates well the anisotropic effect of pore
pressure on the homogenized viscoplastic behavior in spite of
there being no anisotropic factor and no ﬁtting parameter in Ter-
zaghi’s effective stress itself.
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Substituting Eqs. (7)2 and (8)2 into Eq. (17) leads to
ðRþ pIÞ : _E ¼ 1jYj
Z
Vs
ðrþ pIÞ : _Eþ o
_~u
ox
 !
dV
" #
: ðA1Þ
Since divðrþ pIÞ ¼ 0 in Vs, we haveZ
Vs
ðrþ pIÞ : o
_~u
ox
dV ¼
Z
oVs
m  ðrþ pIÞ  _~udS; ðA2Þ
where m indicates the outward unit normal to oVs. It is recalled that
the boundary of Vs consists of oYs and oVsx (Fig. 1b). The right-hand
side in Eq. (A2) vanishes, because Eq. (9) and (r + pI)  m = 0 are sat-
isﬁed on oYs and oVsx, respectively. Hence, Eq. (A1) becomes
ðRþ pIÞ : _E ¼ 1jYj
Z
Vs
ðrþ pIÞdV : _E: ðA3Þ
Since r + pI = 0 in Vx (Eq. (1)), Eq. (A3) is satisﬁed if R is deﬁned as
Eq. (6).
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